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Abstract
In this paper, we give a quantum algorithm which solves collision
problem in an expected polynomial time. Especially, when the func-
tion is two-to-one, we present a quantum algorithm which can nd a
collision with certainty in a worst-case polynomial time. We also give
a quantum algorithm which solves claw problem with certainty in a
worst-case polynomial time.
1 Introduction
In this paper, we consider collision and claw problems. Let f : X ! Y
be a given function. The collision in f is a pair of distinct two points
in X, which are mapped to the same point in Y . The collision problem
is to nd a collision in f . We assume that it is not possible to obtain a
knowledge about f without evaluating it on X. When f is two-to-one, the
most ecient classical algorithm for collision problem requires an expected
O(
p
N) evaluation of f , where N = jXj [4]. Recently, it was shown that
when f is r-to-one for r  2, there exist quantum algorithms which solves
collision problem by preparing a table of distinct pairs (x; f(x)) of size k and
then using Grover iteration. This algorithm requires an expected O( 3
p
N=r)
evaluation of f for the optimal choice of k = 3
p
N=r, that is, it requires an
exponential time with respect to n if jXj = 2n.
Let f : X ! Z and g : Y ! Z be given. The claw of f and g is a pair,
x 2 X and y 2 Y which have the same image. The claw problem is to nd




a claw of f and g We also assume that f and g are given by black boxes. In
[4], it was shown that when f and g are r-to-1 and N = jXj = jY j = rjZj,
there is a quantum algorithm which returns a claw and requires an expected
number of O( 3
p
N=r) evaluation of f and g.
In this paper, we give a quantum algorithm for collision problem which
gives a collision with probability of success 1− 1r in a polynomial time and
requires only two evaluation of f . Especially, when f is two-to-one, we
present a quantum algorithm which can nd a collision with certainty in a
worst-case polynomial time. For claw problem, we also provide a quantum
algorithm which solves claw problem with certainty in a worst-case polyno-
mial time and requires only one evaluation of f and g. We use modied
Grover algorithm in [2, 3] and utilize quantum projection algorithm which
is a generalized version of that in [6].
2 Preliminaries and Notations
For every k 2 N, let Zk denote the additive cyclic group of order k. Let
BN = fjaiga2Zn2 = fje1i; je2i; : : : ; jeN ig be the standard basis of an n-qubit
quantum register with N = 2n and HN be the corresponding Hilbert space,
which represents the state vectors of a quantum system. For any nonempty























Let Wn2 denote the Walsh-Hadamard transform applied on each qubit of a
system of n qubits;
Wn2 = ⊗
nW2:









where g  h = (
Pn
i=1 gihi) (mod 2).
Let Hm be an m-dimensional subspace of HN spanned by a basis Bm =
fjei1i; jei2i; : : : ; jeimig. Let l be a positive integer such that 1  l  m.
The conditional phase transform on Hm with condition F : Zn2 ! f0; 1g,
SHmF : Hm !Hm is dened by
SHmF jeiki = {
F (eik )jeiki ;
for k = 1; 2; : : : ;m, where { =
p
−1. Let SHml denote S
Hm
Fl
, where Fl(eik) =
ikil .








The Hm-diusion transform, D
Hm






m when jeii; jeji 2 Bm and i 6= j
1 + {−1m when jeii; jeji 2 Bm and i = j
ij otherwise :
If we rearrange the basis BN so that Bm = fje1i; je2i; : : : ; jemig and represent
























m . Since the
denition of DHml does not depend on l, we will omit the subscript l. Note
that SHmF and D
Hm are unitary.
Let GHmF : HN ! HN be the Grover operator of dened by
GHmF = D
HmSHmF :
When m = N , we will omit the superscript Hm.
Let
A = fej 2 Zn2 jF (ej) = 1g ;
B = fej 2 Zn2 jF (ej) = 0g ;
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and let t = jAj. For k; l 2 C such that tjkj2 + (N − t)jlj2 = 1, dene







Then we have the following lemma which is due to [3].
Lemma 2.1
Dj (k; l)i =
 ( ({−1)t+NN k + ({−1)(N−t)N l; ({−1)(N−t)+NN l + ({−1)tN k)E :
When t = N2 , we have
GF j (k; k)i = j (({ − 1)k; 0)i :
3 Quantum Projection Algorithm
Let Γ be a nite alphabet for the possible states of each quantum cell with
cardinality !. We may regard Γ as Z!. It is convenient to join some l
neighboring qubits in a cell and regard a state of cell as an ensemble of
states of all it’s qubits, so that ! = 2l.
For given  = (1; : : : ; n) 2 Γn, let
B(j) = fj1; : : : ; j ; γj+1; : : : ; γni : γi 2 Γg ;
H(j) = hB(j)i and tj = dim(H(j)) = jB(j)j = !n−j, for j = 0; 1; : : : ; n. Then
hi = H(n)  H(n−1)      H(0) = hΓni :
Let














j j(a; b; c)i
=
 j( ({−1)tj+tj−1tj−1 a+ ({−1)(tj−1−tj)tj−1 b; ({−1)(tj−1−tj)+tj−1tj−1 b+ ({−1)tjtj−1 a; c)E
=
 j(( {−1! + 1)a+ ({− 1)(1 − 1! )b; ({− {−1! )b+ {−1! a; c) :
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Let j : B
(0) ! Z2 be the characteristic function of a set B(j). When








j j(a; a; c)i
=
 j (f2{ ({− 1!ga; { (1− 2! a; c :
Note that when ! = 2,
GH
(j−1)











 1( 1p!n ; 1p!n ; 0)E =  j( ({−1)jp!n ; 0; 0)E ;





n−1   G
H(0)
1
 1( 1p!n ; 1p!n ; 0)E = e 34n{ji :
Thus we have the following quantum projection algorithm, which projects
the initial state jΓni to a given state ji when ! = 2.
Algorithm: Projection()
1. Begin with the initial state jΓni.






Theorem 3.1 Let  2 Γn be given and let ! = 2. Then Algorithm Projec-
tion() transforms the initial state jΓni into a nal state ji with certainty
in a time of order O(n2).
The case of ! = 4 was dealt in [6] using the fact that if the marked states
are a quarter of entire states, then the solution is found with certainty after
single iteration of the original Grover operator [5, 1]. However since qubit is
a 2-state system, ! = 2 is more natural. Also the above projection algorithm
can be applied to computing fm recursively and f−1 as in [6].
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4 Quantum Algorithm for Collision Problem
Collision Problem
Let r be a positive integer greater than 1 and let f : X ! Y be an
r-to-one surjective map. Find a collision in f , a pair of two distinct
elements x0; x1 2 X such that f(x0) = f(x1).
In [4], it was proven that there is a quantum algorithm which returns
a collision in an expected time of order O( 3
p
N=rTf (N)) and uses space
O( 3
p
N=r), where Tf (N) is the time to evaluate f for the input of size N .
Let N = jXj and M = jY j. Let X = Zn2 and Y = Zm2 .
Algorithm: Collision(f; x0)
1. Prepare two quantum registers with initial state
j0n; 0mi :














4. Apply Algorithm Projection(f(x0)) to the last register.f−1(x0)jf(x0)i (4.1)
5. Measure the rst register and let x1 be the outcome.
6. Return x1.
The algorithm evaluates f twice, rst for f(x0) and second in Step 3.







So the probability to observe x 6= x0 is 1 −
1
r and the expected number of
iteration of the above algorithm is at most 2. Thus we have proven the
following theorem.
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Theorem 4.1 Given an r-to-one function f : X ! Y with r  2, there ex-
ists a quantum algorithm which returns a collision with probability of success
1− 1r in a time of order O(n
2 +Tf(N)), where Tf (N) is the time to evaluate
f for the input of size N . For p 2 N, repeating the quantum algorithm p
times gives a collision with probability of success 1− 1=rp.
In Algorithm Collision(f; x0), instead of picking an arbitrary element
x0 2 X, we may choose any element y 2 Y . In this case, in Step 4 we have
to call Algorithm Projection(y).
Particularly when f is two-to-one, we can improve the algorithm to nd a
collision with certainty in single iteration. After Step 4, we let the state (4.1)
undergo the transform, GF with F = 1− fx0g. Then the resulting state is
jx1i for x1 2 X satisfying f(x1) = f(x0) and x1 6= x0.
Theorem 4.2 Given a two-to-one function f : X ! Y , there exists a quan-
tum algorithm which returns a collision with certainty in a time of order
O(n2 + Tf (N)), where Tf (N) is the time to evaluate f for the input of size
N .
5 Quantum Algorithm for Claw Problem
We now turn to claw problem which is stated as follow.
Claw Problem
Let f : X ! Z and g : Y ! Z be given surjective maps. Suppose that
f is r-to-one and g is s-to-one for r; s 2 N. Find a claw, a pair x0 2 X
and y0 2 Y such that f(x0) = g(y0).
In [4], it was shown that when r = s and N = jXj = jY j = rjZj, there
is a quantum algorithm which returns a claw in an expected number of
O( 3
p
N=r(Tf (N) + Tg(N))) times and uses space O(
3
p
N=r), where Tf (N)
and Tg(N) is a time to evaluate f and g, respectively, for the input of size
N .
Now we give a novel quantum algorithm which solves claw problem with
certainty in a worst-case polynomial time. Let N = jXj, M = jY j and
K = jZj. Let X = Zn2 , Y = Zm2 and Z = Zk2.
Algorithm: Claw(f; g)
1. Prepare three quantum registers and initialize0n; 0m; 0k :
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f−1(z)g−1(z  c)! jci
5. Apply Algorithm Projection(0k) to the third register.X
z2Z
f−1(z)g−1(z)j0i
6. Measure the rst two registers and let x0 and y0 be the outcomes.
7. Return a pair (x0; y0).
Since the algorithm is self-explaining, we state the following theorem
without proof.
Theorem 5.1 Given surjective functions f and g which are r-to-one and
s-to-one, respectively, with r; s 2 N, there exists a quantum algorithm which
solves claw problem with certainty in a worst-case polynomial time of order
O(n2), and requires only one evaluation of both f and g.
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